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4.1 Inverse Functions

Inverse Operations = One-to-One Functions = Inverse Functions
= Equations of Inverses = An Application of Inverse Functions to
Cryptography
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4.1 Example 1 Deciding Whether Functions are One-to-One
(page 403)

Decide whether each function is one-to-one.

(@ f(x)=-3x+7
We must show that f(a) = f(b) leads to the resulta = b.

f(a)=f(b)=-3a+7=-3b+7=-3a=-3b=a=h.

f(x) = —3x + 7 is one-to-one.
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4.1 Example 1 Deciding Whether Functions are One-to-One

(cont.)

Decide whether each function is one-to-one.

(b) f(x)=49-x*
If we choose a=7 and b =-7, then 7 # -7, but

f(7)=49-72 =0 and f(-7)=+49-(-7)? =0.

So, even though 7 # =7, f(7) = f(-7) = 0.

f(x)=49- x? is not one-to-one.

4.1 Example 2(a) Using the Horizontal Line Test (page 404)

Determine whether the graph is the graph of a one-
to-one function.

y

Since every horizontal line will intersect the graph at
exactly one point, the function is one-to-one.

‘Copyright © 2008 Pearson Addison-Wesley. Al righis reserved. 46




4.1 Example 2(a) Using the Horizontal Line Test (page 404) 41 Example 3 ?r?fé(rjéggs \(’F\)gitﬂ)i)r Two Functions are

Determine whether the graph is the graph of a one- Let f(x)=2x+5 and g(x)

. =1x-5.1s g the inverse
to-one function. y 2

function of f ?
f(x)=2x+5 is a nonhorizontal linear function.
Thus, f is one-to-one, and it has an inverse.
Now find (f e g)(x) and (gof)(x).
(fog)(x)=2(4x-5)+5=x-10+5=x-5
(gef)(x)=2(2x+5)-5=x+3-5=x-3
)

Since the horizontal line will intersect the graph at Since (f og (x) " (g of)(x) # X, g is not the inverse
more than one point, the function is not one-to-one. of f.
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4.1 Example 4(a) Finding Inverses of One-to-One Functions 4.1 Example 4(b) Finding Inverses of One-to-One Functions
(page 407) (page 407)
Find the inverse of the function Find the inverse of the function
F={(-2,-8),(-1,-1),(0,0), (1,1),(2,8) . G={(-2,5),(-1,2),(0,1),(1,2),(2,5).
F is one-to-one and has an inverse since each Each x-value in G corresponds to just one y-value.
x-value corresponds to only one y-value and each
y-value corresponds to only one x-value. However, the y-value 5 corresponds to two x-values,
-2 and 2.

Interchange the x- and y-values in each ordered
pair in order to find the inverse function. Thus, G is not one-to-one and does not have an

F'={(-8-2),(-1-1).(0.0),(11).(8.2)} nverse.
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4.1 Example 4(c) Finding Inverses of One-to-One Functions 41 Example 5(a) Finding Equations of Inverses (page 407)

(page 407)
H H : Number of
Find the inverse of the function h .., | yahealthy Days Isf(x)=]|x| a one-to-one function? If so, find the
defined by the table. 2000 25 equation of its inverse.
Each x-value in h corresponds w0y o If x=3,f(x)=[3=3.
to just one y-value. 2002 33 If x = -3, (x) =|-3|= 3.
2003 19
However, the y-value 33 2004 7 f(x) =|x| is not a one-to-one function and does not
corresponds to two x-values, 2005 33 have an inverse.
2002 and 2005 Source: 1llinois Environmental
Protection Agency. The horizontal line test
. confirms this.
Thus, h is not one-to-one and does not have an 5 5
inverse.
pearson 41 Gopyright ©.2008 Pearson Addison-Wesley. Al igts rserved -2 412




4.1 Example 5(b) Finding Equations of Inverses (page 407)

Is g(x) = 4x — 7 a one-to-one function? If so, find
the equation of its inverse.

The graph of gis a
nonhorizontal line, so

by the horizontal line -10
test, g is a one-to-one

function.
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4.1 Example 5(b) Finding Equations of Inverses (cont)

y=4x-7 y=1fx

x=4y-7 Step 1: Interchange
xandy.
y= X: 7 Step 2: Solve fory.

g '(x)= I Step 3: Replace y
474 ith g0,

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.1 Example 5(c) Finding Equations of Inverses (page 407)

Is h(x) = x® +5 a one-to-one function? If so, find
the equation of its inverse.

10
A cubing function is Ji

one-to-one.
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4.1 Example 5(c) Finding Equations of Inverses (cont)

v=x45  y=fx)

x=y3+5  Step l:Interchange
xandy.
y=3x-5  Step2: Solvefory.
h_1(x) -3x_5 Step 3: Replace y

with A7 x).
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4.1 Example 6 Graphing the Inverse (page 409)

Determine whether functions f and g graphed are
inverses of each other.

fand g graphed are not inverses because the
graphs are not reflections across the line y = x.

Pearson 4-17

4.1 Example 7 Finding the Inverse of a Function with a

Restricted Domain (page 409)

Let f(x) = x% +4,x < 0. Find ().

-

Because the domain is restricted,
the function is one-to-one and
has an inverse.

T TT

f(x)=x2+4

R
=5

[}

=5
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4.1 Example 7 Finding the Inverse of a Function with a
Restricted Domain (cont,)

y=x2+4,x50 y =f(x)
x=y2+4,y<0 Stepl: Interchange
xandy.

y=—x-4 Step 2: Solve fory.
The domain of f is
the range of £~'(x}.

f71(x) =_Jx—-4 Step %1 Replace y
with £7'(x).

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 4-19

4.1 Example 7 Finding the Inverse of a Function with a

Restricted Domain (cont.)

10f A
C ,
C ,
p
C /
.
- /
C e
f)=x2+4Y L
x<0 -7
IIIII-/IIILIIIII\X
-5 pn 10
7 b
// -
// ol =—h-4
P sk

fand f ! are mirror images with respect to the line
Yy =X.
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4.1 Example 8 Using Functions to Encode and Decode a
Message (page 410)

The function defined by f(x) = 3x — 1 was used to
encode a message as

26 35 26 32 14 38 2 59 23
Find the inverse functions and decode the
message. Use the values in the chart below.

Al H & 0 15 v 2
B 2 I 9 P 16 w23
C 3 710 Q 17 X 24
D 4 K 11 R 18 Y 25
E 5 L 12 s 19 zZ 26
F 6 M 13 T 20

G 7 N 14 U 21
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4.1 Example 8 Using Functions to Encode and Decode a
Message (cont)

The graph of f(x) = 3x — 1 is a nonhorizontal line,
so by the horizontal line test, f is a one-to-one
function and has an inverse.

y=3x-1 y =f(x)
x=3y -1 Step 1: Interchange
xandy.
y =XT+1=%X+% Step 2: Solve fory.
- 1 1 .
FlUx) = 4 x+ Step 3: Replace y
()=3%+3 with £7(x).
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4.1 Example 8 Using Functions to Encode and Decode a
Message (cont)

Use the inverse function f~(x) = %x + % to decode
the message.
26 35 26
F1(26)=1(26)+1 | F'(35)=1(35)+5 |F(26)=1(26)+ 1
_ 36 _ .
=Z-g| =¥ -2 =Z-9gl
32 14 38
F(32)=1(32)+1 | F'(14)=1(14)+1 |r(38) = 1(38)+1
3 _ 39
=8 =1tK =¥=5E =2 =13 M
-1 1 1 591 23
7(2)= §(2)+§ £(59) = 4(59)+3 |1 (23) = 1(23)+ 1
=3=%A =9-207 =Z_gH
I LI KE MATH
Pearson i ight a 423

4.2 Exponential Functions

Exponents and Properties = Exponential Functions = Exponential
Equations = Compound Interest = The Number e and Continuous
Compounding = Exponential Models and Curve Fitting

Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-24




42 Example 1 Evaluating an Exponentil Expressicz:age 417) 4.2 Example 2 Graphing an Exponential Function (page 419)

Graph f(x) = (%)X

f(0)= (%) =1, so the y-intercept is 1. The x-axis is a

Iff(x) = 4%, find each of the following.
=1 _1
2216

(@) F(-2)=472
(

(b) f(5) = 4° =1024

horizontal asymptote.

2.15) =425~ 19.69831061

452,15
19.692831061

f has domain {—<<,2) and range (0,=) and is one-to-one.
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4.2 Example 2 Graphing an Exponential Function (cont) 42 Example 3(a) Graphing Reflections and Transla(;iggr;sum

Create a table of values. Graph f(x)=-3%. Give the domain and range.

x y
X f(x)= [l) The graph of f(x)=-3%is
2 obtained by reflecting the
-3 8 graph of f(x)=3% across
-2 4 the x-axis.
= 2
0 1 = :
1 % Domain: {—se, o) B
2 % Range: ({—-=,0)
3 5

Copyright © 2008 Pearson Addison-Wesley. Al ights reserved. 4-27 ‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.2 Example 3(b) Graphing Reflections and Translations 4.2 Example 3(c) Graphing Reflections and Translations
(page 420) (page 420)

Graph f(x) =32 Give the domain and range.

Graph f(x) = 3* - 2. Give the domain and range.

Range: (0,)

1 f=3"
The graph of f(x) = 3*2is 1 f=3 The graph of f(x)=3" -2
obtained by translating the 5 is obtained by translating
graph of f(x)=3"two the graph of f(x)=3* two
units to the right. flry=3""2 units down.
Domain: {—oe,cs) . |> B Domain: {—e, =)

Range: (-2,=2)
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4.2 Example 4 Using a Property of Exponents to Solve an
Equation (page 420)
1

X__
Solve 5 =125

=1
T125

X _ -1 Definition of
57 =125 negative exponent

5X

5% _ (53 -1 Write 125 as a
- power of 5.

5% _ 53 a™ = (am)"

Set exponents

x=-3 equal.

Solution set: {-3}

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 4-31

4.2 Example 5 Using a Property of Exponents to Solve an
Equation (page 421)

Solve 3**1=9* 3,
3x+1 — gx—3

gx+ (32 )"‘3 Write 9 as a power
of 3.

3x+1 _32x-6 (am)n —gMn
X+1=2x-6 Setexponents equal.

T=x Solve for x.

Solution set: {7}

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-32

4.2 Example 6 Using a Property of Exponents to Solve an
Equation (page 421)

Solve b%? =243,
52 = 243

(bsfz )2/5 - 24325 Raise both sides to
the 2/5 power.

b= (%)2 (a’“)rr =a™;
24375 = [5 243)2

2
b= (35) Write 243 as a power

b=3%2=9 simplify.
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4.2 Example 6 Using a Property of Exponents to Solve an
Equation (cont,)

It is necessary to check all proposed solutions in
the original equation when both sides have been
raised to a power.

Check b =9. b5/‘2 - 243

?
9%/2-243
(Vo )!5 2243
3% =243 = 243 =243

Solution set: {9}

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-34

4.2 Example 7(a) Using the Compound Interest Formula
(page 422)

Suppose $2500 is deposited in an account paying 6%
per year compounded semiannually (twice per year).
Find the amount in the account after 10 years with no
withdrawals.

t
A= P(1 + %) ! Compound interest formula
10(2) p = _ _
A= (2500)(1 +%) tP: 1%500, r=.06,n=2,
= (2500)(1.03)*°
= 4515.28 Round to the nearest

hundredth.
There is $4515.28 in the account after 10 years.

Pearson i figh " 4-35

4.2 Example 7(b) Using the Compound Interest Formula
(page 422)

How much interest is earned over the 10-year period?

The interest earned over the 10 years is
$4515.28 — $2500 = $2015.28
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4.2 Example 8(a) Finding Present Value (page 423)

Leah must pay a lump sum of $15,000 in 8 years. What
amount deposited today at 4.8% compounded annually
will give $15,000 in 8 years?

A= P(1+%)m
15,000 = P (1+ 248"

Compound interest formula

A=15,000,r=.048,n=1,
t=8

15;'0% =P Simplify, then solve for P.
(1.048)
P =10,308.63 Round to the nearest

hundredth.
If Leah deposits $10,308.63 now, she will have
$15,000 when she needs it.
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4.2 Example 8(b) Finding Present Value (page 423)

If only $10,000 is available to deposit now, what annual
interest rate is necessary for the money to increase to
$15,000 in 8 years?

in
A= P(1 + ﬁ) Compound interest formula

8(1
15,000 =10 000(1+£) A = 15,000, P = 10,000,
' ’ 1 n=1t=8
]1/8

3_ (1+ .l’)a = (§ -1=r Simplify, then solve for r.

2 2
r=.05198 Use a calculator.
An interest rate of about 5.20% will produce
enough interest to increase the $10,000 to
$15,000 by the end of 8 years.

Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.2 Example 9 Solving a Continuous Compounding Problem
(page 424)

Suppose $8000 is deposited in an account paying 5%
interest compounded continuously for 6 years. Find the
total amount on deposit at the end of 6 years.

A=pe Continuous compounding
formula
A=8000e%®)  p=8000,r=.051t=6
=8000e”
~10,798.87 Round to the nearest
hundredth.

There will be about $10,798.87 in the account at
the end of 6 years.

Copyright © 2008 Pearson Addison-Wesley. Al fights reserved.

4.2 Example 10 Comparing Interest Earned as
Compounding is More Frequent (page 425)

Suppose $2500 is invested at 6% in an account for 10
years. Find the amounts in the account at the end of 10
years if the interest is compounded quarterly, monthly,
daily, and continuously.

Compounded Formula

Quarterly A=2500(1+ 95)"°%) _ $4535.05

Monthly A=2500(1+£8)'""

08)'%") _ $4548.49

Daily A=2500(1+38) "% _ 54555.07

10(365
365)

Continuously | A =2500e%%'%) ~ $4555.30

4-40
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4.2 Example 11(a) Using Data to Model Exponential Growth

(page 426)
If current trends of burning Year | Carbon Dioxide (ppm)
fossil fuels and deforestation 550 5
continue, then future amounts 2 po—:
of atmospheric carbon dioxide 000 i
in parts per million (ppm) will 2075 390
increase as shown in the table. 2175 1090
The data can be modeled by 2 2000

the function
y= 353e 0060857(¢-1990)

Source: International Panel on Climate
Change (IPCC), 1990.
What will be the atmospheric carbon dioxide level in 2015?

y= 3536'0060857(201 5-1990) = 441 ppm

Pearson

4.2 Example 11(b) Using Data to Model Exponential Growth

(page 426)

Use a graph of this model to estimate when the carbon
dioxide level will be double the level that it was in 2000.

In 2000, the carbon dioxide level was 375 ppm, so we want

to know when the carbon dioxide level will be 750 ppm.
For x = 1,y = 353¢-0060857(1~1990)

y =750
21000 |

|

InEersection
1975 | #=2113.8321 Y=7E0 -] 2300
100

The carbon dioxide level will be double the level in 2000,
750 ppm, by 2113.
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4.3 Logarithmic Functions

Logarithms = Logarithmic Equations = Properties of Logarithms

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 4-43

4.3 Example 1 Solving Logarithmic Equations (page 433)

Solve 16 s
(@) logy ¢~ =-2 (b) logig X =7
3
X‘2=% x=16¥4=(16"4)
-9 x=2=8
16
9 3 (c) logsg J6=x
X=,|-= == X
16 4 36* =6
(62)" —g"2_, g2x _ g2
S NV |
2x = 5 =Xx=g
Copyright © 2008 Pearson Addison-Wesley. All rights reserved. 4-44

4.3 Example 2(a) Graphing Logarithmic Functions (page 436)
Graph f(x) = y =logy; .
¥
Use the exponential form x = % to find ordered

pairs. The ordered pairs for y = Iog1/3 x are found by
interchanging the x- and y-value in the ordered pairs.
y

X y= {%)K ¥ =logys x
-2 9 undefined
-1 3 undefined f(x) =log,3x

0 1 undefined

1 3 0 x
3 = -1

9 e -2

Copyright © 2008 Pearson Addison-Wesley. Al ights reserved. 4-45

4.3 Example 2(a) Graphing Logarithmic Functions (cont)

The graph of f(x)= logy 3 is the reflection of the
X

graph of f(x)= (%) across the line y = x.

f(x) =log,3x
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4.3 Example 2(b) Graphing Logarithmic Functions (page 436)

Graph f(x) = logs x.

Use the exponential form x = 5% to find ordered pairs.
The ordered pairs for y =logs x are found by
interchanging the x- and y-value in the ordered pairs.

5 | y=logs x Y

undefined

f(x) = logsx

|
n
] R|~ =
Il
o
B

afa| 0
[N

undefined
0 undefined
1 0

2 25 43

3 125 .68

4.3 Example 2(b) Graphing Logarithmic Functions (cont)

The graph of f(x)=1logs x is the reflection of the
graph of f(x) = 5* across the line y = x.
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4.3 Example 3(a) Graphing Translated Logarithmic
Functions (page 437)
Graph f(x) =logs (x +2).

The graph of f(x) =log; (x +2) is obtained by
translating the graph of f(x)=logs x two units to the
left. It has a vertical asymptote at x = -2.

Domain: (-2,0)  Range: (—e,0)

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 4-49

4.3 Example 3(b) Graphing Translated Logarithmic
Functions (page 437)
Graph f(x) = (logg x)+ 2.
The graph of f(x) = (logy x)+2 is obtained by
translating the graph of f(x)= log, x two units up. It
has a vertical asymptote at x = 0.

fx) = (log,x) +2
Domain: (0,=)  Range: (—e,)

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-50

4.3 Example 4 Using the Properties of Logarithms (page 438)

Rewrite each expression. Assume all variables
represent positive real numbers, with a# 1 and b # 1.

(a) log; (8-6)=1log; 8 +log; 6
(b) logg % =logg 12— logg 5
(c) log, Y9 = log, (91/3) = %Iog2 9

2
(d) log, % =log, (rszt) -log, (u3v5)
=log, r +log, s +log, t — (Iog,,J u® +log,, v5)

=logy r +2log, s +log, t — 3log,, u —5log, v

Copyright © 2008 Pearson Addison-Wesley. Al ights reserved. 4-51

4.3 Example 4 Using the Properties of Logarithms (cont,)
Rewrite each expression. Assume all variables

represent positive real numbers, with a# 1 and b # 1.
(e) log, I = log, r¥® = %Ioga r

3.2 3.2\ 3.2
res res 1
® Iogaﬂg/—t4 =|c:ga[—r4 J =—mloga[—rtf }

_1 3.2\ 1 4
_mloga(r s ) mlogat

1 3,1 2 1 4
=Elogar +Elogas —Elogat
3 2 4
=Elogar+Elogas—Elogat
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4.3 Example 5 Using the Properties of Logarithms (page 439)

Write each expression as a single logarithm with
coefficient 1. Assume all variables represent positive
real numbers, with a# 1and b # 1.

(a) logy x—log, y +log, z =log, %

(b) 4log, r - 5log, s =log, "=
s

(c) %Ioga X+ %Ioga y —log, xy
=log, ¥x +log, ?/F -log, xy

xy

=log,

4.3 Example 6 Using the Properties of Logarithms (page 440)

Assume that log,,7 = .8451. Find each logarithm.

(@) logyo49 =logyo 72 = 2l0g,o 7 = 2(.8451) = 1.6902

(b) logsp70 =log;o(7-10) =log,q 7 +log,n 10
=.8451+1=1.8451
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4.4 Evaluating Logarithms and the

Change-of-Base Theorem

Common Logarithms = Applications and Modeling with Common
Logarithms = Applications and Modeling with Natural Logarithms
= Logarithms with Other Bases

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 4-55

4.4 Example 6 Using the Change-of-Base Theorem (page 451)

Use the change-of-base theorem to find an approximation
to four decimal places for each logarithm.
(a) log, 20 = '”240 2.1610 or log, 20 = 'ogng ~2.1610
| 7
(b) log, 7 _% ~5146 or logy 7 =1k <~ 5146
1n{282-1nc4) Int. 72 1ni22
2. 1689640847 -2 9145731728
lo9d2B 710904 logd. 7y logiza
. 2. 168364047 a -. 3145731728
@ (b)
Copytaht © 2008 Parson Ao Wesie. Alighs rsened 456

4.4 Example 1(a) Finding pH (page 448)

Find the pH of a solution with [H30+] =6.8x107%,

pH = -|og[H30+]
= -Iog(6.8 x1 0‘8) Substitute.
- (logG.B + Iog10’8) Product property
~(:8325-8)
=72

log 108=-8

pH=7.2
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4.4 Example 1(b) Finding pH (page 448)

Find the hydronium ion concentration of a solution
with pH = 7.1.

pH = -|og[H30+]

1 =-log I:H3O+:| Substitute.
71 = Iog[H30+] Multiply by —1.
+ 7.1 Write in
[H30 ] =10 exponential form.
=50x107° Use a calculator.

[H:0"|=5.0x107

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-58

4.4 Example 2 Using pH in an Application (page 448)

Wetlands are Classification pH
e . Bog <3.0

classified as shown in Boor fan 4.0-60

the table. Rich fen 6.0-7.5

(Source: R. Mohlenbrock,
“Summerby Swamp, Michigan,”
Natural History, March 1994.)

The hydronium ion concentration of a water sample
from a wetland is 4.5 x 1073. Classify this wetland.

pH= —Iog[H30+] = —Iog(4.5 ><10'3)
——(Iog4.5+|og10"3)
~(6532-3)=2.3

The wetland is a bog.

4.4 Example 3 Measuring the Loudness of Sound (page 449)

Find the decibel rating of a sound with intensity
10,000,000l

d= 10Iogi

d =10l0g 2272 et 1=10,000,0001,
=10l0g10,000,000
=10(7)=70 log 10,000,000

=log 10" =7.

The sound has a decibel rating of 70.

Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-60
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4.4 Example 4(a) Measuring the Age of Rocks (page 450)

By measuring the amounts of potassium 40, K, and
argon 40, A, in a rock, the age t of the rock in years
can be found with the formula

In| 1+8.33( 4
t:(1.26x109)%
How old is a rock sample in which A = K?
Since A=K, %:1.

In[1+8.33(1)]
In2

t=(1.26x109) ~4.06x10°

The rock sample is about 4.06 billion years old.
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4.4 Example 4(b) Measuring the Age of Rocks (page 450)

How old is a rock sample in which %: 3257
t=(1 .26x109)%

In[1+8.33(.325)]
In2

t=(1.2ex109)
=2.38x10°

The rock sample is about 2.38 billion years old.
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4.4 Example 5 Modeling Global Temperature Increase
(page 450)

Solar radiation trapped by carbon dioxide in the
atmosphere (called radiative forcing) is measured in watts
per square meter. Radiative forcing R can be modeled by
R=kin S
Co
where C, is the preindustrial amount of carbon dioxide, C
is the current carbon dioxide level, and k is a constant.

(a) Suppose that C = 2C, and k = 14. Find the radiative
forcing under these conditions.

R= 14|n20& =14In2 = 9.7 walts per m?
0

Copyright © 2008 Pearson Addison-Wesley. Al fights reserved.

4.4 Example 5 Modeling Global Temperature Increase (cont)

(b) The average global temperature increase T (in °F) is
given by T(R) = 1.03R. Find the average global
temperature increase to the nearest degree
Fahrenheit under the same conditions.

T(9.7)=1.03(9.7) = 10°F

The average global temperature increase will be about
10°F.

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.4 Example 7 Modeling Diversity of Species (page 452)

One measure of the diversity of the species in an
ecological community is modeled by

H =—-[Rlog, P+ Pylogy Py +++ P, log, P, |

where Py, P,, ..., P, are the proportions of a sample
that belong to each of n species found in the sample.

(Source: Ludwig, J., and J. Reynolds, Statistical Ecology: A Primer on
Methods and Computing, New York, Wiley, 1988, p. 92.)

Pearson

4.4 Example 7 Modeling Diversity of Species (cont)

Find the measure of diversity in a community with two
species where there are 60 of one species and 140 of
the other.

There are 60 + 140 = 200 members in the community,

60 140
SO Pnﬁa 00=3 P2 =m=.7.
H =-[.3log,.3+.7log, 7]
__| 2In3,  5In7 Change-of-base
- |:'3 In2 7 In2] theorem
_ 7[.3In.3+.7|n.7} ~ 881
In2 '

Copyright © 2008 Pearson Addison-Wesley. Al ights reserved.
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4.5 Exponential and Logarithmic

"~ Equations

Exponential Equations = Logarithmic Equations = Applications
and Modeling

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 4-67

4.5 Example 1 Solving an Exponential Equation (page 458)

Solve 8% = 21. Give the solution to the nearest
thousandth.

8% =21
In8* =In21 Property of logarithms
xIn8 =1In21 Power property

X = % =1.464  Divide by In 8.

Solution set: {1.464}

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-68

4.5 Example 2 Solving an Exponential Equation (page 459)

Solve 523 = 81 Give the solution to the nearest
thousandth.
52)(—3 — 8x+1

In(52x—3) —In (8x+1)
(2x-3)In5=(x+1)In8

Property of logarithms

Power property

2xIn5-3In5=xIn8+In8 Distributive property
2xIn5-xIN8=3In5+In8 Write the terms with x
on one side.

x(2In5-In8)=3In5+In8 Factor.

_3In5+In8 _
~2In5-In8 6.062

Solution set: {6.062}

Copyright © 2008 Pearson Addison-Wesley. All ighs reserved. 4-69

X

4.5 Example 3(a) Solving Base e Exponential Equations
(page 460)

Solve eM =50. Give the solution to the nearest
thousandth.

Ml =50
Inelx‘ =In50 Property of logarithms
‘x‘ =In50 In e = x|
x=13.912

Solution set: {#3.912}

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-70

4.5 Example 3(b) Solving Base e Exponential Equations
(page 460)

Solve e** - = 5e. Give the solution to the nearest
thousandth.

e4x 'ex—1 —5e

e 1=5¢ am-at=a™
e 2=5 Divide by e. % =am"
Ine®*2=-1n5 Take natural logarithms on
both sides.
5x-2=In5 Ine®* 2 -=5x-2
X = % Solve for x.
= 722

Solution set: {.722}

Pearson

4.5 Example 4 Solving an Logarithmic Equation (page 460)

Solve log(2x + 1) + log x = log(x + 8). Give the exact
value(s) of the solution(s).

log(2x +1) +log x = log(x + 8)
log [X (2x+ 1):| =log(x+8) Product property
Iog(2x2 + x) =log(x+8) Distributive property
2x%+x=x+8
2x%* =8 Solve the quadratic
x2 =4 — x=+2 equation.

The negative solution is not in the domain of log x in the
original equation, so the only valid solution is x = 2.

Solution set: {2}

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 472

Property of logarithms
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4.5 Example 5 Solving a Logarithmic Equation (page 461)

Solve log, (2x—5) +log, (x — 3) = 3. Give the exact
value(s) of the solution(s).

log, (2x - 5)+log, (x —3)=3
log, [ (2x-5)(x~3)] =3
(2x-5)(x-3)=2°
2x* - 11x+15=8 Multiply.
2x2 - 11x+7=0

Product property

Property of logarithms

Subtract 8.

Use the quadratic formula with a =2, b =-11, and
¢ = 7 to solve for x.

Copyright © 2008 Pearson Addison-Wesley. Al fights reserved.

4.5 Example 5 Solving a Logarithmic Equation (cont)

-b++/b? — 4ac

2a

(1P -4@)7) 11268
22) 4

X=

The negative solution makes 2x — 5 in the original
equation negative, so reject that solution.

11+ﬁ}
4

Solution set: {

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.5 Example 6 Solving a Logarithmic Equation (page 461)

Solve Ine"™ ~In(x - 4) = In5. Give the exact value(s)
of the solution(s).

Ine"™ ~In(x-4)=In5
)=In5 enx=x
|

Inx—In(x -4
X .
In =In5 uotient propert
x4 Q property
xf = Property of logarithms

4
x=5x-20 Multiply by x — 4.
x=5 Solve for x.

Solution set: {5}

4.5 Example 7 Applying an Exponential Equation to the
Strength of a Habit (page 462)
The equationT =T, + Ce " can be used to describe
Newton'’s law of cooling. Solve this equation for k.
T=Ty+Ce™™
T-T,=Ce™
T-To _
T = e
|n(T —To ] =Ine X  Take the natural logarithm

of both sides.

T-T
In[ 0 } = —kt In e =kt

1 TﬁTU]:k

Ak

Copyright © 2008 Pearson Addison-Wesley. Al fights reserved.
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4.5 Example 8 Modeling Coal Consumption in the U.S.

(page 463)
The table gives U.S. coal e ——
consumption (in quadrillions of Year (in quads)
British thermal units, or quads) for ~ ooy 1542
several years. The data can be T -
modeled by -
1990 19.17
f(t) =26.97Int-102.46,t = 80 1995 20,09
where t is the number of years 200 223
after 1900, and f(t) is in quads. 2 2
Source: Staistical Abstract of the
United States.
Pearson 47

4.5 Example 8 Modeling Coal Consumption in the U.S.

(cont.)
(a) Approximately what amount of coal was consumed in
the United States in 19982 How does this figure
compare to the actual figure of 21.66 quads?
The year 1998 is represented by t = 1998 — 1900 = 98.
(98)=26.97In98 -102.46 = 21.20 quads

This is very close to the actual figure 21.66 quads.

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.
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4.5 Example 8 Modeling Coal Consumption in the U.S.

(cont.)

(b) If this trend continues, approximately when will annual
consumption reach 28 quads?

Let f(t) = 28, and solve for t.

28 = 26.97Int —102.46 f(f)8326.97|nf -102.48,
>

130.46 = 26.97Int
130.46
26.97

o130.46/26.97 _ 4
126.12 =t

Add 1900 to 126 to get 2026.
Annual consumption will reach 28 quads in 2026.

=Int

Write in exponential form.

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 479

4 6| Applications and Models of
"~ |Exponential Growth and Decay

The Exponential Growth or Decay Function = Growth Function
Models = Decay Function Models

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.6 Example 1 Determining an Exponential Function to

Model the Increase of Carbon Dioxide

(page 469)
The table shows the growth of Year | Carbon Dioxide (ppm)
atmospheric carbon dioxide over 1990 353
time. 2000 375
2075 550
(a) Find an exponential model ol o |
using the data for 2000 and ol |
2175. Let the year 2000

Source: International Panel on Climate
Change (IPCC), 1990

correspond to t = 0.

The equation will take the form y = yue’d. We must find
the values of y, and k.

Copyright © 2008 Pearson Addison-Wesley. Al fights reserved.

4.6 Example 1 Determining an Exponential Function to
Model the Increase of Carbon Dioxide (cont.)

The year 2000 corresponds to t = 0, so the year 2175
corresponds t = 175.

Since y, is the initial amount, y, =375 when t = 0. Thus,
the equationis y = 375eM.

When t = 175, y = 1090. Substitute these values into the
equation, and solve for k.

1090 = 3756175 — % — el |n(@] — 175k

375
In1920
= 1;25 =k=.00610=k

The equation of the model is y = 37599810,

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.6 Example 1 Determining an Exponential Function to

Model the Increase of Carbon Dioxide (cont)

(b) Use the model to estimate when future levels of
carbon dioxide will triple from the 1951 level of 280

ppm.
Lety = 3(280) = 840. Then solve for t.

840 = 37500610t _, 840 _ joostor _, In(w] - 00610t

375 375
In§32
:m:tﬁﬂ’afézt

Since t = 0 corresponds to the year 2000, t = 132
corresponds to the year 2132.

The carbon dioxide level will triple from the 1951 level
in 2132.

Pearson
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4.6 Example 2 Finding Doubling Time for Money (page 470)

How long will it take for the money in an account that is
compounded continuously at 5.75% to double?

Use the continuously compounding formula A = Pe with
A =2P andr=.0575 to solve for t.

2P = Pe.[)ﬁ?ﬁf
2= e,0575(

In2 =.06575¢t Take the natural
logarithm of both sides.

In2 _
.0575~12.05~t

It will take about 12 years for the money to double.

484

Copyright © 2008 Pearson Addison-Wesley. Al ights reserved.
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4.6 Example 3 Determining an Exponential Function to 4.6 Example 3 Determining an Exponential Function to
Model Population Growth (page 471) Model Population Growth (cont)

The projected world population (in billions of people) t

years after 2000, s given by the function f (t) - 6 079601260 (b) In what year will the world population reach 8 billion?

Let f(t)=8 and solve for t.
8= 6.0799‘“12&

_ 8 _ _ o126t
The year 2015 corresponds to t = 15. 6070 e

f(t)=6.0792'%60%) = 7 344 |n( 8 ) - 0126t

(a) What will the world population be at the end of 2015?

6.079

8
) ) o In6.07952185f
The world population will be about 7.344 billion at the end .0126 '

of 2015. Since t = 0 corresponds to the year 2000, add 21 to 2000.
The world population reach 8 billion during the year 2021.

Copyright © 2008 Pearson Addison-Wesley. Al ighis reserved. 4-85 ‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved. 4-86

4.6 Example 4 Determining an Exponential Function to 4.6 Example 4 Determining an Exponential Function to
Model Radioactive Decay (page 471) Model Radioactive Decay (cont)

If 800 grams of a radioactive substance are present
initially, and 2.5 years later only 400 grams remain, how
much of the substance will be present after 4 years?

S _ _277(4) _
The equation will take the form y = ype*. Let y = 800 Letting t = 4, we have y = 800e ~264.2.
and t = 0, then solve for y,.
800 = y,e*'? =800 =y,
The equation becomes y = 800e*’. Now, let y = 400 and

There will be about 264 grams of the substance left after

4 years.
t = 2.5, then solve for k. ;
In;
400 = 8006% %% = 1 = 2, In(%) =25k = pL=-27T=k

The exponential equation is y = 800e277t,
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4.6 Example 5 Solving a Carbon Dating Problem (page 472) 4.6 Example 5 Solving a Carbon Dating Problem (cont.)

Suppose that the skeleton of a woman who lived in the Lety= %yo and solve for t.
Classical Greek period was discovered in 2005. Carbon 3. 0001216t
14 testing at that time determined that the skeleton 4Y0=Ye®
contained % of the carbon 14 of a living woman of the 3 _ g-0001216¢
same size. Estimate the year in which the Greek woman 4

died. In(%] = 0001216t
The amount of radiocarbon present after t years is given In% B B

by y = yoef.oumzmr_ 20001216 = 2365.8 =t

The woman died approximately 2366 years before 2005,
in 361 B.C.

Pearson i figh " 4-89
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4.6 Example 6 Modeling Newton’s Law of Cooling (page 474)

Newton’s law of cooling says that the rate at which a
body cools is proportional to the difference C in
temperature between the body and the environment
around it. The temperature of the body at time t in
appropriate units after being introduced into an
environment having constant temperature T is

f(t)=Ty+Ce ™
where C and k are constants.

Newton’s law of cooling also applies to warming.

Copyright © 2008 Pearson Addison-Wesley. Al fights reserved.

4.6 Example 6 Modeling Newton’s Law of Cooling (cont.)

Mollie took a leg of lamb out of her refrigerator, which is
set at 34°F, and placed it in her oven, which she had
preheated to 350°F. After 1 hour, her meat thermometer
registered 70°F.

(a) Write an equation to model the data.
From the data, when t = 0, f(0) = 34 and T, = 350.

Whent =1, f(1) = 70.

Solve for C:
f(0)=350+Ce = 34-350+C = C=-316

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.6 Example 6 Modeling Newton’s Law of Cooling (cont)

Now solve for k:
f(1)=350-316e *(
70 = 350-316e <V

-280 =-316e ¥

280 _ -«

316 ¢

280\ _ _
—In(m)~.1210~k

The equation is f(t) = 350 — 316e~ 121

Copyright © 2008 Pearson Addison-Wesley. Al fights reserved.

4.6 Example 6 Modeling Newton’s Law of Cooling (cont,)

(b) Find the temperature 90 minutes after the leg of lamb
was placed in the oven.

Time t is measured in hours, so convert 90 minutes
to 1.5 hours.

f(1.5)=350-316e 12115 ~ 86.5

After 90 minutes (1.5 hours), the temperature is
about 86.5°F.

‘Copyright © 2008 Pearson Addison-Wesley. Al rights reserved.

4.6 Example 6 Modeling Newton’s Law of Cooling (cont.)

(c) Mollie wants to serve the leg of lamb rare, which
requires an internal temperature of 145°F. What is the
total amount of time it will take to cook the leg of lamb?

Let f(t) = 145, then solve for t.
145 = 350 - 316e 121
-205=-316¢ 12"

205 _ o121t

316 -

205\_ N3t6 _ _
in(332) = - 121 = 315~ 3.576 -

The meat temperature will be 145°F after about
3.576 hours or about 3 hours 35 minutes.

Pearson
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