o Chapter 6: Continuous Random o . o S
University N University 6.1 Continuous Probability Distribu
af Houston & the Normal Distribution aof Houston ty
Clear Lake Clear Lake
. . e . Histogram and polygon
= Continuous random variables & their distributions Height of a Female E 20
. . . inches Relati [
= Normal distributions Student (inches) elative S 10
x f Frequenc g
o Standard normal distribution =12
- . 60 1o less than 61 90 08 e
o Standardizing a normal distribution e m o & 08
= Related problems 62 10 less than 63 460 oR-
o ]l::mg probabilities ngn bp;)mts :f a normlai1 dlst:butlon ij iess l:;m Z;t ;;E :;2 50 6162 63 64 65 06 6763 6070 71 %
1 ints ei ilit istributi {0 less than 65 8
© NG POIS given probabriity of a normat Aistrbution: P—— i o Probability distribution curve
= Normal approximation to the Binomial distribution o '
66 to less than 67 640 128
07 to less than 68 40 088
68 to less than 69 320 064
69 to less than 70 220 044
70 to less than 71 180 .036
e I N = 5000 Sum=10 ~  606162636465666768697071 ¥ —
MATH 3038 - 01 6-1 Dr. Yingfu (Frank) Li MATH 3038 - 01 6-2 Dr. Yingfu (Frank) Li
wwersy 1 WO Characteristics of Continuous Dist University Area under the Curve as Probabili
of Houston of Houston
Clear Lake Clear Lake

m The probability that x assumes a value in any interval lies in
the range 0 to 1
o The probability of a single value of x (x=a, x=b & a=b) is zero
= The total probability of all the (mutually exclusive) intervals
within which x can assume a value of 1.0

Shaded area gives
the probabiity
P(65 <x<68)
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te pobabity
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Figure 6.6 Probability that x lies in the interval
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Probability that x lies in the interval 65 to 68 inches
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l'mﬁtw 6.2 The Normal Distribution
e e

= A special continuous probability distribution
o Bell — shaped curve
« Two parameters p & G
o Symmetric about the mean
o Mean p determines its central location
o Standard deviation ¢ determines its shape
« Large o gives flatter bell-curve
« small ¢ gives steeper bell-curve
o Two tails of the curve extend indefinitely

= Total area (probability) = 1
o Symmetry is often used to figure out probability
o Areas of the normal curve beyond p + 3c; recall empirical rule

= How to find probability (area)?
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University 6.3 The Standard Normal Distributi

of Houston
Clear Lake

= There are so many general normal distributions with
different mean p and standard deviation ¢

= We focus one here — standard normal distribution with p=0
&o=1

o Other general normal distributions can be standardized into the
standard normal distribution

o Reserve Z for the random variable having the standard normal
distribution

o z values or z scores — the units or values marked on the horizontal
axis of the standard normal curve. A specific value of z gives the
distance between the mean and the point represented by z in terms of
the standard deviation (since 6 = 1)

= How to find the probability?
o Integral (')f'calcul.us,_ta_b_le_,_Excel, TI-83, ...
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Universi Normal Distribution Curves
of Houslon
Clear L.:iu

= Mean p determines its central location; standard deviation ¢

determines its shape

g=5 =5 0=5
X =2 u=30 =40 X
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University The Standard Normal Distribution

of Houston
Clear Lake
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University How to Find the Probability — Table

of Houston
Clear Lake

= Table IV gives the Area under the Standard Normal Curve to
the Left of z score — left tail from z, or cumulative probability
o Structure and limitation of the table

Area given
in Table IV

&
a

Table only gives left tail
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University Example 6-1
Gear Lake

s Find the area under the standard normal curve to the left of z

=1.95

z 00 01 ias " .09
-34 0003 10003 . 0003 . 0002
-33 0005 0005 - 0004 gt 0003
—-32 0007 0007 . 0006 . 0005
9713 9719 o . 9767
3.4 9997 9997 s 9997 o 9998

Structure and limitation of the table requirca area =
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o ,
University Solution to Example 6.1

of Houston
Clear Lake

Shaded area
is 9744

I
0 1.85

Left tail from the table directly

=

= Solution to Example 6.1
o P(Z<195)= :‘l_<_z_ft tail” = 0.9744
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=
l'mgm' Example 6-2

of Houston

Clear Lake
= Find the area under the standard normal curve from z=-2.17
toz=0

z 01 - - 09

-34 .0003 0003 ik L0003 o 0002

-3.3 L0005 0005 i L0004 s s 0003

-32 .0007 0007 L L0005 - L0005

—2.1 0179 0174 s . L0143

5040 . 5279 - 15359

34 .9997 9997 st 19997 i 19998
\—Arcn to the leftof z = 0 \—Arca to the left of z = =2.17 _
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Universiy Example 6-2: Solution

of Houston
Clear Lake

» To find the area from z=-2.17 to z =0 , first we find the areas
to the left of z=0 and to the left of z=-2.17 in Table IV. These
two areas are .5 and .0150, respectively. Next we subtract
.0150 from .5 to find the required area.

= Area from -2.17 to 0 = P(-2.17<z < 0) = .5000 - .0150 = .4850

Shaded area
is 4850

-2.17 0 z
Middle-Area = big left tail —small left tail
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o
University More Examples
e

= Steps to find probability
o Sketch the normal curve and shade the area of probability. This first
step is critical for most people
o Change the problem into left tail problem
o Left tail = table
« Right tail = 1 — left tail
« Middle area = big left tail — small left tail
= Find the following probabilities for the standard normal curve

o P(1.19<2<2.12)

o P(-1.56<z<231)  Calculator T1-83:  =>

o P(z>-75) normalcdf(a,b) gives P(a < z < b)

o P(0<z<5.67)

o P(z<-535) Excel: norm.S.dist(a) gives P(z < a)

o Empirical rules
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University Example 6-3

of Houston

Clear I'_ilh

= Find the area under the standard normal curve to the right of
z=2.32
= Solution
o To find the area to the right of z=2.32, first we find the area to the
left of z=2.32. Then we subtract this area from 1.0, which is the total
area under the curve. The required area is 1.0 - .9898 = .0102.
Right tail = 1 — left tail
Shaded area
iz 1.0 - 9898
=.0102
0 2.32 H E
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University 6.4 Standardize a Normal Distributi

of Houston

Clear Lake

= We just discussed how to find probability under standard
normal distribution. Now how to find probability under
general normal distribution?
o We use X for general normal random variable

= The answer is through standardization.
o Converting an x value into a z score 7 = X — U
where 4 and ¢ are the mean and o
standard deviation of the normal distribution of x, respectively
o Standardization changes the shape of normal distribution, but it does
not change the area.
= In general, P(x; < X <x,) =P(z, <Z < z,), where z, = (x; -
wo,i=1,2
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University Example 6'6
e

= Let x be a continuous random variable that has a normal
distribution with a mean of 50 and a standard deviation of
10. Convert the following x values to z values and find the
probability to the left of these points

o x=55
Hinced s Normal distribution
o x=35 e with i = 50 and
. a=10
= Solution
o x=55 *

n=50

o« P(x <55)=P(z<.50)=.6915

"
i
o
&

5= X — U _ 55-50 M Standard normal
o x=35 o 10

« P(x <35)=P(z<-1.50) = .0668 .
x _ /Ll 3 5 _ 5 0 Lr value forx =55
Zz == =" =-1.50
o 10— — = i
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rmfmn- Example 6-8
Cear Lake

= Let x be a normal random variable with its mean equal to 40
and standard deviation equal to 5. Find the probability of to
the right of x =55, i.e., P (x > 55)

= Solution 5540

o Forx=55 Z = T =3.00

o P(x>55)=P (z>3.00)= 1.0-.9987 = 0013

Shaded area
=.0013

40 55 X
I I -
0 3.00 =
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o
University Example 6'7
e

= Let x be a continuous random variable that is normally
distributed with a mean of 25 and a standard deviation of 4.
Find the area (a) betweenx =25andx =32 &
(b) between x = 18 and x = 34

= Solution
o (a)the z value for x =25is 0 =X—,U=32—25=175
The z value for x =32 is 1.75 o
P (25<x<32)=P(0<z<1.75) Shaded area
= 4599 is 4509

o (b) the z value for x = 18 is -1.75

the z value for x =34 is 2.25
P (18<x<34)=P (-1.75<z<2.25) 25 32 x
=.9878 0401 = .9477 T T
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o
University More Examples

of Houston
Clear Lake

= Steps to find probability
o Sketch the normal curve and shade the area of probability.

o Standardize the general normal into standard normal and then follow
the methods discussed in 6.3

o Other methods: Excel & TI—83 & 84

= Let x be a continuous random variable that has a normal
distribution with p = 50 and ¢ = 8. Find the probability P (30
<x<39)

= Let x be a continuous random variable that has a normal
distribution with a mean of 80 and a standard deviation of

12. Find the area under the normal distribution curve from
(a) x=70to x =135, (b) to the left of 27
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o
weny 0.5 Applications of the Normal Distri

of Houston
Clear Lake

= Word problems
o First identify mean p and standard deviation o
o Translate words or sentences into probability
= Apply exact same idea of 6.4
o Standardization
o Finding probability
= Let’s see a few examples
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o
Universiy Example 6-12 through 6-14

of Houston
Clear Lake

= Example 6 — 12
o u=55&c=4
o P(x<60)=P(z<1.25)=.8944
= Example 6 — 13
o p=12& c=0.015
o (a) P(11.97<x<11.99)=P (-2.00<z<-.67)=.2514-.0228 = .2286
o (b)) P(12.02<x<12.07)=P (1.33<2<4.67) =1-.9082=.0918
= Example 6 — 14
o p=54&c=8
o P(x<36)=P(z<-225 =.0122
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|~
od Examnicoeit
Clear Lake
= According to a Sallie Mae and credit bureau data, in 2008,
college students carried an average of $3173 debt on their
credit cards (US4 TODAY, April 13, 2009). Suppose that
current credit card debts for all college students have a
normal distribution with a mean of $3173 and a standard
deviation of $800. Find the probability that credit card debt
for a randomly selected college student is between $2109
and $3605.

= Solution
o n=3173 & =800
o P ($2109 < x < $3605)

Shaded area
is .6136

=P (-1.33<z<.54) $2109  $3173 $3605 x
= 7054 - 0918 = 6136 | — =
_ 61.36%' —— -1.33 0 54
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nﬂm 6.6 Determining the z & x Values Wh

dison - Jnder the Normal Distribution Curve is Kn

= We have discussed that
o given a z score, we find a unique probability (left tail)
o given an x value, we find a unique probability (left tail)
= Now we go backwards or inversely.

o given a probability of standard normal distribution Z, find the
corresponding z score

o given a probability of general normal distribution X, find the
corresponding x value

= Key points
o Find left tail from the z (x) point based on the given probability
o then use Table IV, calculator TI-83, or Excel to find the z (x) values
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Ity B a1
Clear Lake

= Find a point z such that the area under the standard normal
curve to the left of z is .9251.

o Left tail of z is given directly

s Solution = .00 01 -e- .09
—3.4 0003 L0003 0002
—~33  .0005 L0005 0003
32 0007 L0007 L0005
z=1.44
14 9251
34 .9997 9997 e 9997 v .0998

|
We locate this
value in Table IV
of Appendix C
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o
University More Examples
Cear Lake

= Steps to find z, given probability
o Find the left tail based on given probability
o Use the left tail to check the Table, or use TI-83 or Excel to find z
o TI-83:2nd => => invNorm(left-tail)
« Excel: norm.S.inv(left-tail)

= Find z such that
o P(Z<2)=0.95
o P(Z>12)=0.05
o P(Z<2)=0.05

o P(-z<Z<2)=0.90
o P(-z<Z<2)=095
o P(z£Z<2)=0.99
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o
University Example 6-16
et

= Find the value of z such that the area under the standard

normal curve in the right tail is .0050

= Solution
o Right tail = 0.005. So the left tail of z is 1 — 0.0050 = 0.9950. The
table does not contain 0.9950
« Find the value closest to .9950, which is either .9949 or .9951.
o If we choose .9951, the z=2.58.
o If we choose .9949, the z=2.57.
o z=2.575, the middle point of 2.57 & 2.58

Shaded area is
given to be

L To find
this z value
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uweny  Finding an X Value for a Normal Distri

of Houston
Clear Lake

= For a normal curve, with known values of | and ¢ and for a
given area under the curve to the left of x, the x value is

calculated as X = [L + zG
= Three Steps to Find an x value
o Find the left tail of x based on given probability
o Find z score of the left tail obtained
o Find x value based on the formula X = p + z6
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l['rﬂ\t-ml\' Example 6-18
Clear I"_‘iI;:]

= Recall Example 6-14. It is known that the life of a calculator
manufactured by Texas Instruments has a normal
distribution with a mean of 54 months and a standard
deviation of 8 months. What should the warranty period be
to replace a malfunctioning calculator if the company does
not want to replace more than 1% of all the calculators sold?

= Solution
o Area to the left of x =.01 or 1%

o Find the z value from the normal distribution table for .0100. Table
IV does not contain a value that is exactly .0100.
The value closest to .0100 in the table is .0099. The z = -2.33.

o x=p+zo=>54+(-2.33)(8)=54—-18.64=35.36

o Thus; the company should replace all calculators that start to
malfunction within 35-months
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ey 6.7 Normal Approximation to Binomial

of Houston
Clear Lake

P(x),
251
20
15
10
.05

0123 4567 8 9101112 X

Figure 6.50 Histogram for the probability distribution
of Table 6.5.
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4913 Almost all high school students who intend to go to college
take the SAT test. In a recent test, the mean SAT score (in
verbal and mathematics) of all students was 1020. Debbie is
planning to take this test soon. Suppose the SAT scores of all
students who take this test with Debbie will have a normal
distribution with a mean of 1020 and a standard deviation of
153. What should her score be on this test so that only 10%

of all examinees score higher than she does?

= Solution
o Area to the left of the x value =1.0 - .10 =.9000

o Look for .9000 in the body of the normal distribution table. The
value closest to .9000 in Table IV is .8997, and the z value is 1.28.

o x=p+zo=1020+ 1.28(153) = 1020 + 195.84 = 1215.84 = 1216

o Thus, if Debbie scores 1216 on the SAT, only about 10% of the
examinees are expected to-seore higher than she does.
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o
University Summary

of Houston
Clear Lake

= Introduction to standard normal and general normal
distributions and their properties
= Find probability based on given z scores or x values
o Left tail (probability) is obtained directly from the Table, Excel
o Right tail = 1 — left tail
o Middle area = big left tail — small left tail
= Find z scores or x values based on given probability
o Calculate the left tail based on the probability

o Find the z score based on the obtained left tail by using the Table,
Excel & TI-83

o Find the x value if the distribution is not standard normal distribution
by using formula X =p + z6
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